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Derivation of a Hydrodynamic Equation for
Ginzburg—Landau Models in an External Field
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The lattice approximation to a time-dependent Ginzburg-Landau equation is
investigated in the presence of a small external field. The evolution law conser-
ves the spin, but is not reversible. A nonlinear diffusion equation of divergence
type is obtained in the hydrodynamic limit. The proof extends to certain
stochastically perturbed Hamiltonian systems.
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1. INTRODUCTION

In the last 10 years the problem of giving a microscopic foundation to the
hydrodynamic behavior of interacting particle systems has received a great
deal of interest. There is a fairly well developed theory in the case of lattice
gases and related models; see the survey paper by De Masi er al.'* and
Lebowitz et al'® for more recent results. The situation is different for
systems with continuous trajectories. The most fundamental examples of
this kind are the Hamiltonian models of classical mechanics. While more or
less explicit calculations are available in the case of one-dimensional hard
rods and harmonic oscillators,** there is no method to treat less
degenerate situations. Stochastic models, on the other hand, allow for a
more complete discussion. It is therefore interesting to study them although
they describe only some particular features of physical reality.

The main purpose of this paper is to extend the results of ref. 5 to
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Ginzburg-Landau models with external field. Such phenomenological
(quasimicroscopic) models are widely used in low-temperature physics; see
refs. 6 and 7 for further references to the physics literature. Driven diffusive
systems have been treated in the context of lattice gases.®®'"’ The methods
developed here are applicable also to stochastically perturbed anharmonic
systems. We present the methods in the simplest nontrivial cases; some
possible extensions are discussed at the end of Sections 1-2 and 3.

We start by describing the physical context of some simple
microscopic dynamics [Egs. (1.4) and (1.16) below]. See also ref. 12.

We consider a one-dimensional lattice system of continuous spins. We
think of the sites x € Z as being the center of a unit cell in R. To each site
xeZ we associate a real-valued spin S(x) which describes the density in
the cell around x. Each cell is in thermal equilibrium but still small enough
for the free energy V(S(x)) to vary in space:

H(S)= ). V(S(x)) (L1)

xeZ
V is some real-valued convex function. We can define a chemical potential
” _O0H(S)
¥ 68(x)

in every cell xeZ. As usual a difference in potential between neigh-
boring cells x + 1 and x gives rise to a current from x to x+ 1 over a time
interval dt

= V'(5(x)) (12)

dj(x)=3(m.—m., ) dt (1.3)

To account for the inaccuracy of this (reduced) description, we introduce a
random uncorrelated current dW(r, x) associated to each bond {x, x+1}.
W(t, x) is a Wiener process and represents the random current flowing
from site x to x + 1. Finally, we wish to add an a priori prescribed current
&J(S(x)). It represents the net current from x to x+ 1 due to an external
field. eJ is a real-valued function and should be considered as the product
of a constant electric field and the conductivity, which depends on the local
configuration. The coefficient 0 < ¢ < 1 measures the strength of the electric
field and will be thought of as being very small

The dynamics is governed by the equation expressing conservation of
mean density in the presence of a source:

ds.(x)+divdy,(x)= —ediv J(S{x)) dt (1.4)
with div f(x)=f(x)—f(x—1) for a scalar function f on Z, and

dy (x)=dj (x)+ dW(t, x). The initial condition is specified by Sy(x) = a(x),
a given configuration of spins on the lattice Z.
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We ask now how to obtain from these (stochastic}) microscopic
equations a macroscopic description of the process. It is clear that the main
ingredient will be a rescaling of extensive quantities for which the hydro-
dynamics is investigated. The procedure is called the hydrodynamic scaling
limit. We have to rescale space and time using the small parameter &:

L t/e?, X — x/e (1.5)
The rescaled density field S¢(x) is defined on the lattice ¢Z by
S2(x) = S alix/e) (1.6)
Equation (1.4) is now changed into
dSHx)y =34, V' (Sx))y dt + VFXI(S:(x)) dt +VFEdW (t, x)  (L.7)
with
Sé(x)=0a°(x)=0a(x/e)
as initial condition. 4, = —V*V_ is the usual lattice Laplacian, i.e.,

4, f(x) =7 (flx +e)=2f(x) + f(x —¢))
Vo fx)=e7'(f(x +¢) = f(x))
VEflx)=e"(f(x—e) = f(x))

for some scalar function f(x), xe€R

W.(t, x)=eW(t/e?, x/e) (1.8)

The stochastic differential equation (1.7) is the starting point of our
discussion. If J=0, then this process has a family of local equilibrium
distributions. They are the Gibbs state€s p,, with energy function

H,(S)= Y V(S(x))—2(x) S(x) (19)

xeeZ

where A(-) is a smooth profile. (The superscript ¢ indicates that the
function has been made into a step function of size ¢ on R; this will be
explained more precisely in the next section.) It was shown in ref. 5 that the
time-evolved expectations can be calculated in an asymptotic sense by
means of time-dependent measures u;,. The stationary measures for the
case where J % 0 are not known, but the leading term 14,7’ dominates the
external field because of their different scaling.®*'*) We will show that,
despite the fact that the p, are no longer a family of local equilibrium
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measures, macroscopic expectations are still calculable using the u;, with a
time-dependent profile 4 = A(z, x).

Assume that the initial configuration ¢° approaches some smooth
function p,. The hydrodynamic equation that will be derived from (1.7) for
the density field S¢(x) in the limit ¢ | 0 has the form

d.p(t, x)=0,[5D(p(t, x)) 0,.p(t, x)+ B(p(t, x))]
p(0, ) =po(-)

It is a nonlinear diffusion equation. The assumptions on V and J will
guarantee that D is a strictly positive and bounded function on R, and that
B has a bounded derivative. Both D and B will be defined in (2.21). If V'is
a quadratic potential, then D(-) is a (diffusion) constant. If J=0, then
B(-)=0 and the equation reduces to the one obtained in ref. 5. If J is
linear, then B(p)~ p.

Our treatment of system (1.7) extends also to vector models on Z<
We briefly indicate how to generalize (1.4). At every site xe Z¢ there
is a vector-valued spin, S(x)e R". The infinite configuration is S=
{S(x), xe Z?}, with corresponding free energy H(S), For example,

{1.10)

H(S)=Y V(S(x)) (1.11)

where V:R” > R is strictly convex. To each bond {x, y} of nearest
neighbors x, ye Z¢ we associate a vector current J,,= —J, € R" which
is a local function of the configuration S, and a standard Wiener
(vector)process W,, = —W e R". Again, the evolution is given by the
continuity equation [as in (1.4)]

dS.+ Y [dyix—> y)+el(S)di]=0 (1.12)

ly—xl=1
where

1 oH dH
d =C ,dWx —CX-C;I: _— (1.
Yx—y)=C,, » 5 Gy y(éS(x) 55()’)) )

C,, is a symmetric n x n matrix.

This generalization allows us to incorporate some stochastic pertur-
bations- of Hamiltonian systems. Consider, for example, the case d=1,
n=2. In that case we have two real coordinates, the momentum p(x) and
the position r(x), at each site xe Z. We repeat the same discussion as
above for the vector S(x)=(p(x), r(x)). Instead of (1.1) we take

H(S)=Y. p*(x)/2+ V(r(x)) (1.14)
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where V is a real-valued symmetric convex function. For the (vector)
current we choose

J(8)(x))=(=V'(r(x)), —p(x+1)) (1.15)

The continuity equation (1.4) can be written down explicitly. Let p(x) and
ré(x) denote the rescaled momentum and density, respectively [see (1.6)].
The evolution is given by a coupled system of stochastic equations:

dpi(x)= —VAV/(rix)) di+3 4, pif) di+/a V2 dW (1, %
(1.16)
drf(x)=Vepf(x)dt+§AgV’( “x)) dt +/BVF AW (1, x)

with initial conditions p¢ and r2. We used
Po 0

Coy= <\é; ﬁﬁ)

« and f are arbitrary positive numbers. W,(1, x) and W,(t, x) are indepen-
dent Wiener processes for each xe¢Z.

This model represents a stochastically perturbed anharmonic system.
Indeed, consider the Hamiltonian

=Y pAx)/2+ V(g(x)—g(x—1)) (1.17)

where p and ¢ are the canonical coordinates. Introducing r(x)=
g(x+1)—gq(x), we obtain the Hamilton equations

dpx)= —[V'(r{x—1))=V'(r(x))] dt
dr(x)=[p(x+1)—plx)]dt

After a (hyperbolic!) rescaling of these equations, ¢ —t/e and x — x/s,
we obtain (1.16) with a=pf=0, where now pi(x)=p,.(x/e) and
réi(x)=r,(x/e). The structure of the additional terms in (1.16) (damping
and noise) is determined by the requirement of reversibility. In particular,
the Gibbs states with energy E(p, r)=3 p*(x)/2+ V(r(x)) are stationary.
Moreover, it is easy to check that p and r are conserved quantities of
(1.18). The stochastic term is responsible for the breaking of conservation
of energy.

In this way we established a connection between the stochastically
perturbed anharmonic system and a vector-valued Ginzburg-Landau
model in an external field.

(1.18)
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The local equilibrium states of this problem are given by the energy
function,

H,,(p,r) =2 p*(x)/2+ V(r(x)) = y*(x) p(x) = A(x) r(x) ~ (1.19)

with 7°(x) and A*(x) defined as in (2.11). Of course, the stochastic pertur-
bation destroys the Hamiltonian structure. Nevertheless, (1.16) still yields
some physical information. After taking the hydrodynamic limit we obtain
the (macroscopic) equations for the momentum field /7 and the density
field p, which are of the following form:

8,111, x)= D(p) .p(t, ¥) +3 02111, x)
{1.20)
B
2
with initial conditions I7(0, x) = ITo(x) and p(0, x) = po(x). D{p} is the
same as in (1.10).
Observe that Egs. (1.20) reduce to a nonlinear wave equation,

0%,p(1, x)=0(D(p) 8..p(1, x)) (1.21)

by formally letting «, § go to zero.

In the next two sections we repeat in a more precise way the main
points of this introduction. The other sections are devoted to the proof of
the results in the simplest case (as far as the notation is considered); a more
complete description of the contents of this paper is presented at the end of
Section 3.

0.p(t, x)=0.T1(t, x) +7 0.{D(p) 0. p(2, x))

2. GINZBURG-LANDAU MODELS WITH EXTERNAL FIELD.
MAIN RESULT

We wish to formulate the problem of deriving the hydrodynamic
equations in terms of a family of Markov processes, {S¢,1>0,e>0}. It is
convenient to embed the configuration space for each ¢> 0 into a space of
functions on R.

We define, therefore,

L2= [\ L*(R, 0,(x) dx) (2.1)

r>0

as the real Hilbert space of locally integrable functions /= R — R with scalar
product

S gde=[0,0x) f(x) glx) dx (22)
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and norm

=] 0,00) £2x) ax 23)

The weight function 6, is defined in detail in ref. 5, but we can think of it as
0.(x)=exp(—r|x]). If |6,—0a|,—0,Vr>0, then ¢,—c in the strong
topology of L2. The weak topology of L? is given by a fundamental system
of the neighborhoods of 0 e L2, namely,

U1,y §i)={0€ L% |P(0)] <o, Vi: 1,., k} (2.4)

with « >0, ke Ny, and ¢,€ L2*. Note that

L2*={) L*(R, 0_.(x)dx) (2.5)

r>0

and, if ce L2, ¢ € L2*, then
#(0) = [ #(x) o(x) dx (26)
L2 is a reflexive space and its balls,
B({b,})={ceL?;|o|,<b, forallr>0} (2.7)

where {b,},., are positive numbers, are weakly compact. For X< L2, we
define
CJ(X) and C,.(X) (2.8)

respectively as the spaces of strongly and weakly continuous and bounded
maps of X into R. If X is a convex set, we define D (X) as the space of
functional differentiable functions f on X, ie. if 6, 6§ € X, and é = ¢ — 4, then

f(o)-f(&)zfolja(xmf(x, G+ qd) dx dg (29)

where Df: X — L2* is strongly continuous. The space of weakly differen-
tiable 4 € L? with derivative belonging to L2 will be denoted by H..

The embedding of the configuration spaces into L? goes as follows.
Define for £ >0 the intervals

C.(x)=Tle(x—1/2), e(x + 1/2)), xe”Z (2.10)

For y e R, let y* denote the unique integer x € Z for which ye C.(x): y*=x.
For example, (ex)*=x for all xeZ. If both y,, y,€ C,(x) for the same
x € Z, then obviously

Yi=yi=x (211)
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Define ©Q, as the space of all functions fe L2, which are constant on the
intervals C,(x), x e Z. Given a function fe L2, we define the step function

fr=lfel,:

Lfp=e"']  f@)d: (212)

Co(3%)

This implies that Q,=1,L2. On the other hand, given a function ¢ on Z,
we define the step function ¢° on R by taking

a’(y)=0(y) (2.13)

It is clear that these definitions imply that, if ¢°e 2,, then

Ho')= [ p(x) o) =¢ T ¢(ex) o(x) (2.14)

xeZ

for a test function ¢.
The microscopic dynamics is determined by (1.7). ¥: R — R is a convex
function and J: R — R is a continuously differentiable function such that

O<c, <V'(x)<c, (2.15)

with ¢,, ¢, absolute constants and V", J', and J” are bounded.

Since multiplying ¥ by a constant does not change the problem, we
may and do assume that ¢, =1+0a, ¢, =1—«a with xe (0, 1).

The conditions immediately imply (see ref. 5 for a more detailed dis-
cussion) that there is a solution S,=S,(-, ¢) to (1.4) with initial condition
So=0ceR=20,. In fact, the SDE (1.4) gives rise to a Markov process on
€. The process S¢€ £2, is defined by

Se(y)=Sy2(p%) forall yeR, =0 (2.16)

The initial value is S§=0°€ Q,. The associated Markov semigroup P! on
C,(£,) is defined as

P gla)=E,[g(S))}=E[g(S7)| S5=0]  for geC(Q,) (2.17)

E[-| S;=0]=E,[-]is the expectation with respect to the process started
from

S;=0€Q, (2.18)
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The limiting evolution equation was introduced in (1.10). Define for
A€R

q:(dy)=Z; " exp[—V(y)+Aiy]dy

Z,= [ expl—V(y)+iy] dy

2.19
F(i)y=logZ; ( )

A0) = [ J(3) guldy)

Consider the equations,

p(0, x) = po(x)
p(t, x)=F'(A(t, x)) (2.20)
F(A(t, x)) 8,A(t, x) = 182_A(t, x) + 8, A(A(t, x))

Equation (1.10) can be recovered from this by noticing that F’ is strictly
increasing (see Section 4, proof of Lemma 4). Hence, if p = F'(4), then

D(p)=1/F"(2) and  B(p)=A(}) (2.21)

are well defined for all pe R. The inverse function of F’ will be denoted
by Q:
A=Q(p) (2.22)

Notice that if G denotes the convex conjugate (Legendre transform) of F,
ie., G(p)=sup; [pA—F(1)], then Q=G".

Equations (1.10) and (2.20) are uniquely solved in the weak sense (see
Section 4, Lemma 4):

Theorem 1. If 6° converges weakly in L2 to some p,e H! as e -0,
then ¢(S¢) converges in probability to ¢(p(s,-)) for each ¢>0 and
¢, ¢ € L2*, where p(t,-) is the uniquely defined weak solution to the
limiting equation (1.10).

Idea of the proof. We will first prove the theorem in the case of
random initial data (Section 7). We assume that the initial configuration ¢°
on ¢Z is distributed by a product measure g, ,:

i (do)= ] guul(do(x)) (2.23)

xeeZ

where A(-)e H} is a given profile function for the chemical potential and
re=1IA
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Using the embedding (2.13) and the definition (2.19), this is clearly
equivalent with saying that the initial configuration ¢ on Z is distributed
by a product measure

~ [T exp[ — V(o(x) + A%(ex) a(x)]

xe”Z

In particular,

[ 6x) s,y = F(25(0)) (2.24)
where F(-) was defined in (2.19). Moreover, using the embedding (2.12)
and (2.13), we can define y,, on the Borel field of L2, with x, (2,)=1. The

following remarks motivate the role of p;, , in the derivation of the limiting

equation.
Let Y € CP(R*), ¢,€ CP(R) for i: 1,.., k, ke Ny, and define

6y =($(0),-, Bi()) (2.25)

If G, is the generator of the semigroup P! [see Eq. (2.17)], then, after an
integration by parts, '

[ 6.1(0) w.do)
= [ V.20~ Ho ()1 V. DS, 0) dx o, (o) (2:26)
with functional derivative

Df(x,0)= ), 0 h($:(0),. $1(0)) $(x) (2.27)

1

NS

i

Furthermore, by the law of large numbers (to be discussed in Section 6)

lim | /(6) 13.(d5) = /(p)
and

lim [ G f(0) ;. (do)
= — [ [42(0)+ A(i(x) T VDS (x, F'(4)) dx

d
= 2 S (1) o (2.28)



Hydrodynamic Equation for Ginzburg-Landau Models 1189

if p solves the limiting equation (1.10) and p, = F'(4). This suggests that we
can follow the resolvent method (Section 7) as outlined in ref. 12 to get an
expression similar to (2.28) for positive times. In this approach we extend
(2.28) to functions of the type

fz,e(ﬂ)=f e Pigyo)dt, z>0, ce

&

(229)
golo)=¢(0), ¢ ¢'eLl*

Since the balls of L? are weakly compact, the Stone-Weierstrass theorem
allows us to extend the law of large numbers (2.28) from functions of type
(2.25) to weakly continuous functions. Therefore we have to show that f
and VDf are weakly continuous functions of the initial configuration a.
Since everything depends on the scaling parameter, this continuity should
be uniform in & The dependence on the initial configuration can be
expressed via the functional derivative as defined in (2.27). The variation of
f.. 18 given by

Df..(x,0)=|" e~ DP g (x.0) di

—£ | [" e [puO s ndmbal @)
0

where p,, is the fundamental solution to

0,u, =VEb(t, x)u,) +34.(a(t, x) u,)

a(t, x)=V"(Si(x)),  b(t, x)=J'(5i(x)) 230
with initial condition
Dasls, 85, y)=1/¢ if xf=y°
=,0 else. (2.32)

(2.31) is the first variational system of (1.7). The crucial step is now of
course taking the limit ¢ | 0 in (2.29): this is the problem of smooth depen-
dence of solutions to the SDE (1.7) on initial data. To pass to the limiting
equation, various compactness propertics of these families of functions
({fer} {V.Df..}, {f Pgslo) u,.(c)}) will have to be investigated. To
establish the weakly continuous dependence of solutions to our dynamics
on the initial configuration we can concentrate on the regularity properties
of the fundamental solution p,, as it appears in (2.30). In Section 5 we will
show that the study of p,,, can be reduced to that of p,,_, and the method
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of singular integrals (as explained in refs. 5 and 14) will be applied. The
singularity caused by V¥(bu,) can be handled by means of an L* estimate
(see Section 4, Lemma 3). In view of (2.30), the basic object of our studies
is an integral operator P,, defined for measurable 4: [0, oo} x R — R and
z>0 [see also (5.14)7:

Pushis, )= [ 0 [ puls xit, ) hit, v) dy de

kY

In particular, to prove that V, Df is weakly continuous, we have to show
that 4, P,, is a uniformly (in €) bounded map of L([0, c0) x R) into itself
for some ¢ > 2. This is the most difficult step of the proof. The case 6=0
(i.e., for P,) was solved in ref. 5. On the other hand,

Pa,bh(ss -x):Pah(s> x)+Pab('a ')VePa,bh(Sa x) (515)

where b is a multiplication operator, is a standard perturbative identity. In
Section 4 we extend the energy inequality to an L* norm. Therefore, V. P,
maps L*([0, o0) x R) into itself, whence the desired bound of 4, P, , follows
by (5.15) and interpolation (see ref. 5, the Appendix of ref. 14, and refs. 15
and 16). These bounds are sufficient to derive that the resolvent f_,
converges to that of the limiting equation, whence

n

lim | Pigdu;, = glp,)
el0

by equicontinuity of { PLgdu,, as a function of time. The case of deter-
ministic initial data, as stated in Theorem 1, reduces to this average via the
continuous dependence of solutions on initial data.

Remarks. There are several ways to generalize Theorem 1. We may
add a quadratic nearest neighbor interaction to the energy function H(S)
in (L.11):

H(S)=Y V(S(x))+7y Y [S(x)—S(»71 (2.33)
x {xy D

The local equilibrium measures p, , are no longer product measures in this
case. The law of large numbers is still verified, however, if y>0 by the
convexity of the self-potential V' (see also refs. 5 and 17).

The condition that the dimension d=1 can be ecasily removed (see
ref. 5).

Vector-valued models (in the notation of section 1:n>1) can be
investigated without any additional difficuity, but we have to assume that
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the matrix of second derivatives of the nonquadratic part of the energy V is
positive definite and close to a constant.

The external field may depend on several neighboring coordinates of
the configuration.

We can also add a reaction term R(S%(x)) dt to the right-hand side of
Eq. (1.7). Accordingly, the term [ R(y) dg, . (dy) has to be added on the
right-hand side of the limiting equation (1.10).

It is possible to introduce spatially inhomogeneous or random conduc-
tivities. There is no additional difficulty if the inhomogenity is macroscopic.
The problem of microscopic i.i.d. conductivities is not understood.

3. ANHARMONIC SYSTEMS IN NOISE

The configurations of this model are interpreted as couples of elements
of Q,, ie, step functions p° and r* of step size ¢ in L2. The evolution law is
given in (1.16) by two coupled SDEs. It determines the stochastic processes
(p%) and (r?) with initial conditions p§ and rj,.

Theorem 2. Suppose that ¢(pg) — ¢(I1,) and ¢(rg) — ¢(p,) as €[ 0
for each ¢eL’* where I, and p,e H!; then ¢(p°)— ¢(Il,) and
$(r®) = ¢(p,) as ¢ | 0 in probability for each ¢, ¢’ € L2*, where I1, and p, are
determined as weak solutions to (1.20).

This result is a particular case of an extension of Theorem ! to vector-
valued spins; cf. (1.14)-(1.15). Since the additional difficulties are only in

the notation, we restrict ourseives here to the proof of Theorem 1.

Remarks. The additional non-Hamiltonian terms of (1.16) are very
arbitrary: we could replace 4, p(x) and 4, V'(r(x)) by 4,Vi(p(x)) and
4. V5(r(x)) provided that V', and V, satisfy (2.15). In this case, the coef-
ficients of the limiting equation also depend on V', and V,, but they do not
depend on « or f. This instability indicates that stochastic perturbations
modify even the average behavior of Hamiltonian dynamics in a substantial
way.

The more familiar case of f=0 is beyond the scope of our methods.
The instability mentioned above seems to be less radical in this situation.

We now give the contents of the remaining sections. In Section 4 the a
priori bounds are given for the solutions of the backward equation
associated to (1.7). Furthermore, the solution of the limiting equation
(1.10) is investigated. Both problems rely on the derivation of energy
inequalities. The a priori bounds are used in Section 5 to establish the
relative compactness, in a suitably chosen topology, of families of functions
as they appear in the resolvent equation to (2.29). In particular, the L?
estimate will reduce this problem to the case where b(x, 1) =0 [see (2.31)]
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and the method of singular integrals can be used.>'* Section 6 discusses

the applications of the law of large numbers. Here we find the motivation
for the choice of the topology in Section 5. In Section 7 the resolvent
method is used to solve the question in the case of random initial data.
Section 8 contains the proof of the main theorem. (Theorem 1).

4. THE ENERGY INEQUALITIES

We want to exploit the nice parabolic structure of the microscopic
dynamics to develop L? and L} estimates. They will give a precise meaning
to the statement that the dependence of the evolution on the initial data is
smooth.

Let he$2,, and |rel <1, z,20. Suppose that a, e Q,, with, for all
xeR, t=0, '

la(t, x)—lj<a <1 (4.1)
and
(2, x)| < B (4.2)
where « and f are constants.
Lemma 1. Let

L,yv=—zo0—4V (aV¥v) +V, (bv) for v:R—-R (4.3)

There exists a constant C = C(x) and a constant K = K(«, f§) such that
2, Lapv +V, hp, + 220 ]2 + a1l — o) [VF0|?
< (2CrP+K) |v|2+ C |h)? (4.4)

Proof. We apply an integration by parts, { fV,g={(V*f) g, and
use the identity

VEw8,)= (V) 0, + (VX0,)v(-—¢)
to obtain that
2w, V,(h—1aVFv+bo)),
= 2{V,v, (h—41aV¥v +bv)>,

+2 j e 1[0,(x — &) — 0,(x)] v(x — £)(h — 2aVFo+ bv) dx (4.5)
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We now proceed as in ref. 5 and use the basic properties of the weight
function 6,:

10,(x ~ &) = 0,(x)| < |re| €10, 0(x — &) 0,5(x) (4.6)
[0,2(x)]*=0,(x) (47)
the Schwarz inequality, and the fact that |re} < L.

Lemma 2. Suppose that u(x), 0 <s< T< 00, satisfies
—~0u,= —zou,+h,+3ad,u .+ bV u, (4.8)

with 2z,>2Cr?+ K (the constants as in Lemma 1). Then there is a z>0
such that

T
Vool + ol =) [ e | A2 ds
0

T
<e“'T|VSuT|f+CJ h|2 ™ ds (4.9)
0
and
7
luoifSE_ZT(luT|,2-+ivsﬁrlf)-*-zcj |hZe™™ ds (4.10)
)]

Proof. Let v,=V, u,. Notice that —2, |v,|? is the lhs of (4.4). This
implies the first inequality (4.9) via a straightforward manipulation.

On the other hand, we can multiply the backward equation (4.8) with
2u 0, and get

_as |u5i3+220 Iu5l3=2<u57 hs>r+ <u5’ aASuS>r+2<uS’ bvsus>r (4'11)

whence (4.10) follows by (4.9) and the Schwarz inequality.
In the following lemma we are going to derive a similar L? estimate.
We use the notation

£12,= ] 0,x) 1 /()17 dx (4.12)
Lemma 3. Suppose that u,, 0<s<oo, satisfies the backward

equation (4.8) with z, > Z(«, b, r) [defined in (4.26)]. Then there is a z>0
and a constant C' = C’(a) such that

e Vo)< [ e Ih)i i (4.13)

5

822/53/5-6-12
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Proof. We start again from the backward equation (4.8), with
v,=V,u,:

—as |vs|:}= _420 |Us|f+4<v_::a Vs(hs_%avjus+bvs)>r (414)

In order to integrate by parts the last term in this equation, we note that
V¥030,)=(VFv,) F,.0,+V¥0,0](- —¢) (4.15)
where
Fo(x)=v3(x—¢)+vlx)v(x—e)+vi(x)=0 (4.16)
After the integration by parts we use the following bounds:
(1)

[ V260,(x) 030c — &) b (x) dx

< rfele "‘”“f J(x =) hy(x) 0,5(x — ) 0,14(x) 0,,4(x — &) (4.17)

< 41r| |vgl}4 1Ayl ,4  (by the Holder inequality) (4.18)

< 312 juld,+ 1A}, (via the concavity of the log) (4.19)

(ii) [see (i)]

]jvre,us(x—s) bo )| < BB +7) In,12, (4.20)

(iif)

jVe*(-),v?(x—a) [-— gve*vs(x)]

1—a
<
2

} r27 Vv,
e [ 0,210,500 236 —0) | 503~ )+
< 23(1—2) P o, fde+ 45 (1= [ 0,0x) V,0,(0) 2 v3(x —e)

< 243(1— o) 72 ol + 51— ) [ 0,0x) Voo ()P Foy(x) (421)
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(iv)

[ovr) P,

3 l—a
g— BFS h2+—_ erFes V:‘sz
S ) O Fei g [0F. Vv

3, 15 . l-u .
< Gledtet gy it = [0 FL VR (422)
v)
[0.0v20) P (= 2ven, ) <22 [0, Vo0 Ry 423)
| 2 2
(vi)
04900 P,
387 5 1—a 5
— | 0,F, |V
<5ty ) 00t Ft g [ 0L V.0
2187 5 1—o, 5
— | 0,F,, |V 4.24
\2(1~a)J9rU:Fe,s+ 6 f r s,sl cvsi ( )

Combining (i)-(vi) with (4.16), we obtain

=0, [0,]} s < (=420 +4Z) v}, + C |hy3, (4.25)
where
3 2182 243
-7 i 4 WL (1-— 2 (4.2
Z=Z(w, B, 1) 4+(3+r)ﬁ+2(1—a)+3|r| + 1 (I—a)r® (4.26)
and
, , 15
C —C(d)—m+4

This completes the proof.
The a priori bounds above will be used to conclude the weak
continuity of f, . and V_Df., via the following result.

Lemma (Lemma 6 in ref. 5). Let B denote an arbitrary ball in L2,
For each >0, r>0, and K < 0, there exists a weak neighborhood of 0 in
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L2, Uy($1,.. 4,), such that [§(5)| < whenever g€ Q,, [4] _, +|V. 4|, <K
and de B U (¢,..., §,).

Proof. See Lemma 6 in ref. 5.

The energy inequalities of Lemma 2 are the discretized versions of the
more familiar bounds for the limiting equation (1.10) (see Lemma 4 below).
We use the notation of (2.20)-(2.22).

Lemma 4. Given p,c H!, there exists a continuous trajectory
p(t,-)in L2, t>0, such that

p(0,-)=p,
and

[ 90x) p(2, x) ax

= [ #0x) pote) dx+ [ [20(0(s. x)) 8"(x) + Blo(s, x)) ¢'(x)] dix s

(4.27)

for each twice differentiable ¢: R — R with compact support. Moreover,

Q(p(t,-)=4,eH! for all =0, and |A;|? is integrable on bounded time
intervals. There is no other solution with such properties.

Proof. Suppose p, is a classical solution to (1.10). One can construct
these via a Galerkin approximation. Then,

001p2= = 0.(p.0,) D(p)) pi+2 [ px) 0,(x) 0, Blp,(x))  (428)

We can obtain some energy inequalities for (4.28) in much the same
way as we did for the discrete case (4.8). By the definitions (2.21),
D(p,)=1/F"(4,) = (1 —)'? and B'(p(x))=A"(L)D(p,) < e(l — o)™,
where ¢ is a constant (since J' is bounded). Here we used Proposition 1 of
ref. 5: F’ is continuously differentiable and 1 —a < F"(v) < (1 —a)~ ' for
all ve R

Therefore, with r >0,

Soip i< —(1—a)2{p 12+ (r+2c)(1 —a) " pl, p'l,  (429)

and

S [ et iz ds < e 1py 2 (4.30)

1

2

+
lpl? 3
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where ¢ = (r + 2¢)?/2(1 — 2)>. Starting from (2.20), it is easy to verify that a
similar energy inequality is satisfied by A’

1—
M§|3+Taf€“"‘“ 122 ds < e |22 (431)

The existence of the solution in Lemma 4 now follows from a standard
argument. We first take py and 2; in bounded domains of L2. Conditions
(4.30) and (4.31) imply compactness properties of the associated classical
solutions p,, i.e., p, remains in a strongly compact set of L2 on finite time
intervals (by the F. Riesz criterion) because |p,|, and [4}], are bounded.
(4.31) gives a uniform bound for the time integral of [(d/dr) p,|?, whence p,
is an equicontinuous family in L2. Therefore, the Arzela-Ascoli theorem
implies the existence of a continuous trajectory p, in L? satisfying (4.27) for
Po» Ao € L2. Moreover, (4.30) and (4.31) imply that p,e H! for all + >0 and
f& 1pil2 ds and (i |2;]? ds are bounded [A=Q(p)].

To prove the unigueness of such a solution, we introduce the current of
o. Let

t (1 -
0 0)= [ 31500 5001+ Blo) ~ 87 |

if p, and p, are two solutions with p,= p,. ®, is differentiable in the weak
sense: for smooth @, [ ¢'w, dx= —[ #5, dx with 6,=p,— p,. We thus have

d -
1= [ 0,0,{(2i=7)+20B(p,) — BF)1} dx

Sh—(1=0)"?118,12+ C(r, o, ¢) o], 18],
<K|w,? (4.32)
where k can be chosen small enough so that &k — (1 —2)? <0 and K< oo

depends on &, «, r, and ¢ (=the constant bounding J'). The conclusion is
therefore that w,=0=4, as., hence uniqueness.

5. THE SMOOTH DEPENDENCE ON THE INITIAL DATA

In the present section we study the behavior of some of the key players
as they appear in the resolvent approach (to be presented in the next
section).

Let fzge(a):j"e‘z’P; g(o) dt, for some z>0 and ¢ € L? equipped with
the weak topology. We take g to be of the form

g(O') = '//(¢1(U)"'-a ¢k(0))’
with y smooth, ¢,, ¢, L>* (5.1)
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=[d(x)a(x)dx and we write P! g(o)=E,[g(S:)]=g(c) [see
2.17)7.
Lemma 5. The family of functions {f,.(¢),0<e<1} is relatively

compact in C([z,, z,] x B) with the uniform topology, where B=B({b,})
isaballin L2, and 0 <z, <z, < o0.

Proof. Consider two initial data ¢ and ¢ € L2. By definition,

forl) = £us@) = [ [ 8(x) D .. 5+ 49) dix dg (52)
where
Df(x, 6) = E,[ug(x)] (53)
and
w()= [ [ € pls, x5t 3) Dy, S5) dy (5:4)

where p, , was defined in (2.32). We apply the bounds (4.9) and (4.10) with
T= 0, h(x)=Dg(x, §¢), to obtain the weak equicontinuity of f,.(¢) as a
function of the initial configuration ¢. The uniform boundedness follows
from

feelo)l S o /z (5.5)
and the equicontinuity in the parameter z is immediately obtained from
10, fool o) < 1Yo /2° (5.6)

This completes the proof of Lemma 5.
The next lemma discusses properties of the functions

V.Df..: L7 x (0, 0) —» Lo*

Lemma 6. The family of functions {V,Df, (-, 0),0<e<1}
relatively compact in C([z,, z,] % B) equipped with the uniform topology,
where B=B({b,}) is a ball in L2, and 0 <z, <z, < o.

Proof. The uniform boundedness is a consequence from (4.9) by
taking T'= o0, h,(x)= Dg(x, $¢) and

u(x) = f f T p (s, x5 4 y) Dgly, §7) dy dt
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[see (4.8) above]. For the weak equicontinuity we consider two initial data
¢ and ¢ with the corresponding quantities a and @, » and b [defined in
(232)], & and A, u, and @, [defined in (5.4)]. The equation for the
difference du, =u, — i, reads

—0,0u;= —zoSu,+h,—h,+Ya,—a,) 4,u,
+(bs_53)veus+%dsva 5us+b_sve 5”3 (57)

Taking together the second, third, and fourth terms in the rhs of this
equation, we can use (4.9) to write (r <0)

IVeuO_Vsu0‘3<k(Il+I2+I3) (5.3)
where

11=j die ™ |Dg(-, S°)— Dg(-, 5%)|2 dt
Izzf dt€72t|(a,_ét)Aeut|z (59)

L= f:o dt e~ |(b,—b,) V,u)? dt

and k is a constant. We will show that each of these quantities is small
whenever 6 —6=49 is “small” in the weak topology [see (2.4) and
Lemma 6 in ref. 5.

1. Let

\Dg(-, o) —Dg(-, o)l _

L,(Dg)=Sup o3|

a,6

1, is bounded by

I,<L,(Dg) f: o5 | Se — 5|2 dr

= 1,(Dg) [ 5(x) f:’ e~ [ pasl0 x;1, y) K(t, y)dy dr dx  (5.10)
where
k(t, y)=0_(x)[S{(y)—S;(»)]
ay) =V (S:(y)— V(SN VLSiy) = Si»)]
b(y)=[JI(Si») = IS yNVLSHy) - 54 »)]
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There is a function v, such that —V¥*p,=($°—5%) e " (sece Lemma 4 in
ref. 5). Notice that

0,v,= Lﬁ, AN

where the operator L,, was defined in Lemma 1 (Section 4) with z, =z
Hence (4.10) combined with the estimate of Lemma 4 in ref. § implies that
jgo 1k(t, -)|, dt is bounded. Therefore, (4.9) and (4.10) guarantee that

fooo e ™ JP&,E(Oa x; 4, y) k(1 y) dy dt

and its gradient are uniformly bounded. This is sufficient (see Lemma 6 in
ref. 5) to control I, in the inequality (5.10).

2. A more subtle argument is required to prove that 7, is small. We
write 8,(x)=160,,(x) 8 _,(x) and apply the Holder inequality with exponents
g/(g—2) and ¢/2(g > 2). We get

Iz<£:o e #LJ(0)]9 L, (1) 17 (5.11)

with

1= (6. laly)—a ) Ddy,  Jy=14ulf,
and ' = —rg/(qg — 2) > 0. Furthermore,
Ty={800) [ pazl0, x4, y) hie, y) dy dx (5.12)

where

h(t, y) =0 0)V"(Siy) = V" (SN P~ 2/[Su») = Sy)]  (5.13)

is uniformly bounded, since V" is bounded by assumption. We can now
repeat the argument used in part 1 of the proof (replacing k£ by 4) to find
that J, is “small” if § is. So it is sufficient to prove that the factor J, is
bounded. We define the integral operators (for z>0)

Poohis, x)= [ e [ puy(s xp (e ) dyde  (514)

It is clear that

P, h(s, x)=P,h(s, x)+ P,b(s, x) VP, h(s, x) (5.15)
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where P,=P,_,_,. Let L{(R ) be the space of locally integrable #: R, — R
with norm

lhl:ﬁUf [ (e, 12 dy a't] ' (5.16)

We know from Lemma 3 that V,P,, is a bounded map from L}(R_) into
itself, while Lemma 2 gives an L?(R,) bound. We thus have a similar
bound for each 2 <g<4 by the Riesz—Thorin interpolation theorem (see
ref. 15). On the other hand, Lemma 7 in ref. 5 provides an L¢(R . ) estimate
for the operator 4, P, for some ¢ > 2. The identity (5.15) together with the
boundedness of b shows that J, is bounded.

3. I, can be treated in essentially the same way as I,. It is actually a
little simpler because we only need the L}(R™) estimate (4.15) on V,P,,
and the boundedness of J".

Lemma 7. The family of functions {u, . (P!g(d))} is relatively
compact in C((0, o0)).

Proof. The boundedness is trivial. We show that {u, (P! g(o))} is
equicontinuous in the time parameter. For 6 € Q2,,

Pig(o)—P;g(0)= | G.Pig(o) dr

- UI [4V,4%x) — J(o(x))] Dg’(x, o) dx dr} (5.17)
and
Dgti(x,0)=E, U Pas(0, x;7, ) Dg(y, Si)dyJ

We use (4.10) with T'=1 to get the bound
foralle  |Dgt|2<e”™*(|Dg|?+ |V, Dg|?) (5.18)

The Schwarz inequality completes the proof of the lemma.

6. THE LAW OF LARGE NUMBERS

The limiting equation (1.10) is deterministic. In general the crucial step
where the fluctuations are eliminated is taken by the law of large numbers.
This law permits us to investigate the “almost sure” behavior of physical
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quantities which are random for each fixed value of the rescaling parameter
e. The rescaling as carried out in (1.5) expresses the idea that many
particles undergo a great number of processes (collisions) in a macroscopic
time. In the limit as ¢ | 0 the evolution has become macroscopic and deter-
ministic because we have been summing over such a large number of
events.®) A more precise formulation of this idea is the subject of this
section.

The measure p; , was introduced in (2.23). It is a product measure and
therefore its behavior is easy to investigate as ¢ | 0. In fact, it is a simple
application of Proposition 1 in ref. 5 to conclude:

Lemma 8.

lim [ £(0) 1;.(do) = 2(p) (6.1)

where p(x)=F'(A(x)) if geC (2nB,) for every ¢>0 with (B,} an
increasing sequence of balls, ie., u; (B,)11 as n7 co uniformly in e.

Remark. We know from lemma 5 (via Ascoli’s theorem) that we can
select a subsequence ¢, | 0 such that f,, (¢) = f,(c). In the same way (from
Lemma 6) we know that V_Df,, converges to the derivative R, of a
function R,. The convergence is uniform on compacts [z,, z,] % B,, (as in
Lemmas 5 and 6).

Lemma 9. Let po(x)=F'(A(x)).

(a)
lim [ 1,,,(do) £...(0) = 1.(po) (62)
(b)
lim | 1, (do) | L4V, 4°(x) = J(0(x)] V. DS, (x, o) dix
= [ [32(0) + ()] Rilx, po) dx (63)
(c)

lim [ 11,.(do) P! g(e) ~ P g(p5) =0 (64)
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Proof. (a)

[ o) foaf) = )

<| [ wsaldo) Ul i

| e £40)= £ (65)
The first term is bounded, for every me N, by
Sup |fz,6,,(o-)_fz(a)| +2 “[/Joo )u'/l,s,,(Bﬁn)/Z (66)

cE By

As a result of Lemma 8 and the remark following this lemma every term
vanishes in the limit n 7T co.

(b) V,A° converges strongly to A’; on the other hand,

[H) V. DF. o (x, 0) dx
= [ HO(DIV. Df....(x, 0)— R, po)] dx

+ [ J(0(x)) Ri(x, po) d (6.7)

For the first term we can apply the Schwarz inequality together with the
argument of part (a) of this lemma. The second term converges trivially
and gives the desired result (6.4), with R.(-, po)e L2*.

(c) Given Lemma 8, it is sufficient to prove that g%(a) — g%(6) is small
whenever d =0 — & is “small” (in the usual “weak” sense). But,

gi0)— gi(6) = [ 8(x) [ Ditx, 7+ 6q) dx dg (63)
with

Dgi(x, 6)=E; U Pae(0, X; 1, y) De(y, Sf)}
We can repeat the argument already applied in the proof of Lemma 7: it

shows that |Dg#(x, ¢)|2? and |V, Dg*(x, o}{? are bounded. This is sufficient to
complete the proof (see Lemma 6 in ref. 5).
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7. THE RESOLVENT APPROACH

We are now in a position to apply the resolvent method. The power of
this method in the context of the derivation of the hydrodynamic limit was
very well established in refs. 5, 12, 18, and 19. It extends to positive times
the expected behavior for the macroscopic quantities which can be guessed
from the form of the generator [see (2.26)]. An alternative approach (at
least for finite volumes, or on the torus) was recently suggested in ref. 20.

From the definition of the resolvent f, (o) as it was introduced in
(5.1), we obtain the (resolvent) equation

g(0) =z, (0) =G f..(0) (7.1)

We can integrate this equation with the measure y,,(do). Lemma 9 asserts
that we can pass to a limiting resolvent equation along some subsequence
€,

g(F'(2) =2/ (F'(2)) — Gf(F'(4)) (72)
for each A€ H! and z > z,, where z, depends on g only. The uniqueness of
the resolvent equation and Lemma 4 imply that

flpo)=|" e w(F (1)) (73)

where 4, was defined in (2.20). The uniqueness of the Laplace transform
together with Ascoli’s theorem [which can be used via the result of
Lemma 9(c)] are sufficient to conclude:

Lemma 10. For all 1e H],

1ilrr01 (P 8) = g(F'(4,) (74)
where 2, is defined in (2.20).

8. PROOF OF THEOREM 1

The previous section solved the problem in the case of random initial
data. We now have to pass to a deterministic initial condition.

By assumption, ¢° converges weakly in L2 to poe H!. Given pye H.,
we find Ae H! via the relation

Mx)=Q(po(x)) (8.1)
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This allows us to construct the measures u;.(do) on the initial con-
figurations o€, [as was shown in (2.23)]. Let p, be the solution to
(4.27). With the function g as in (5.1),

1gi(a®)— g(p,)

< lgilo")— gi(p8)| + | gi(ph) — | 1:.(do) g(0)

| o) o)~ e(p.) (52)

Since ¢(a°) — ¢(p,) for each ¢ L2*, the first term goes to zero by the
argument given in the proof of part (c) of Lemma9. The second term
approaches zero as ¢| 0 as a direct consequence of Lemma 9(c). Finally,
the third term was treated in Lemma 10. The conclusion of Theorem 1 now
follows from a Chebyshev inequality.
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